Charge and spin fractionalization in strongly correlated topological insulators 
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We construct an effective topological Landau-Ginzburg theory that describes general SU(A*') in- 
compressible quantum liquids of strongly correlated particles in two spatial dimensions. This theory 
characterizes the fractionalization of quasiparticle quantum numbers and statistics in relation to the 
topological ground-state symmetries, and generalizes the Chern-Simons, BF and hierarchical effec- 
tive gauge theories to an arbitrary representation of the SU(A'') symmetry group. Our main focus are 
fractional topological insulators with time-reversal symmetry, which are treated as generalizations 
of the SU(2) quantum Hall effect. 



A two dimensional electron gas in a strong mag- 
netic field can exhibit fractional quantum Hall effect 
(FQHE) and fluctuations that carry a fractionally quan- 
tized amount of the electron's elementary charge [3]. 
Similar fractionalization is also possible in topological in- 
sulators (TIs) with time- reversal (TR) symmetry 0-01 ■ 
Owing to a strong spin-orbit coupling, these materials 
exhibit protected gapless modes at their boundaries, but 
differ from the quantum Hall systems by their spectra 
and by lacking a conserved "charge" (spin). The lat- 
ter prevents the observation of a quantized transverse 
conductivity and obscures the fact that the topological 
features of TIs are born in the SU(2) extension of the 
quantum Hall effect [5]. 

This paper is motivated by the growing interest in 
str ong ly correlated TIs that feature fractional excitations 
|6l4l2|. and their promise to enable novel topological or- 
ders that have no analogue in quantum Hall states. We 
construct an effective field theory of generic 2D fractional 
TIs that can capture the spin non-conserving character 
of spin-orbit couplings. Fractional TIs can be obtained in 
various systems, and likely will be observed in the foresee- 
able future. One promising system are ultra-cold gases 
of bosonic atoms trapped in quasi 2D optical lattices. 
Superfluid to Mott insulator transitions can be easily ar- 
ranged to remove any energy scales that could compete 
with the spin-orbit coupling [isj. At the same time, the 
recent development of artificial gauge fields for neutral 
atoms, created by stimulated Raman transitions between 
internal atomic states, has not only introduced the effec- 
tive spin-orbit couplings [3], but also looks promising 
for reaching the fractional quantum Hall regime 1^ 1^ . 

Promising solid-state systems include spin-orbit ma- 
terials with significant Coulomb interactions, and TI- 
superconductor heterostructures. The former materials 
feature frustration of the electrons' kinetic energy, ei- 
ther by lattice geometry 17 1 or gauge fields [l^l- Low- 
energy excitations can carry spin in these systems, so 
their coupling to orbital motion can result with non- 
trivial topological properties. The heterostructure sys- 
tems rely on a superconducting material to induce corre- 



lations among electrons in the proximate quantum well 
made from a band-insulating TI. The proximity effect 
produces Cooper pairs in the TI, which in turn can form 
a superconducting state or a bosonic Mott-insulator [3l ■ 
A phase transition between these states in the quan- 
tum well can be tuned by a gate voltage, and the en- 
suing quantum critical point (QCP) is highly sensitive 
to relevant perturbations such as the spin-orbit coupling. 
Inter-orbital p-wave Cooper pairs are allowed in the TI, 
and their spin-orbit coupling can produce fractional TI 
ground states in the critical fan of the Mott QCP. 

We wish to benefit from the achieved understanding 
of FQHE in the exploration of TIs, while staying true to 
their unique properties. Thus, we will first introduce an 
SU(2) gauge-theory description of TIs that views them 
as a generalization of the quantum Hall effect The 
SU(2) gauge symmetry is approximate and various spin 
non-conserving perturbations are allowed to remove it 
in realistic systems. Fortunately, this cannot jeopardize 
the topologically protected many-body quantum entan- 
glement in the bulk and its manifestations such as frac- 
tional statistics that the SU(2) formalism will capture. 
We will first develop the SU(2) theory in band-insulating 
TIs, and use it to construct the field theory of fractional 
ground states that could be stabilized in the presence 
of appropriate interactions as surveyed above. While 
mainly focused on the theory construction, we will make 
physical predictions along the way on the possible frac- 
tional quantum numbers of excitations in relation to the 
symmetries and external magnetic and spin-orbit fields. 

Consider the following minimal model of a band- 
insulating TI quantum well, where electrons have the 
two-state spin and orbital quantum numbers: 

H=^-^ TZL + At^-/! , ^= -mi;(ixS) . (1) 
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S — icr"f° is the vector spin operator, a" and t"- are 
Pauli matrices, and we set h = 1. This Hamiltonian de- 
scribes an electron moving in the external SU(2) gauge 
field A whose SU(2) charge is g — r^. The given 
form of A reproduces the Rashba spin-orbit coupling 
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Hso = vz{S X p)t^, and the orbital index can be 
interpreted as the top or bottom surface of the quan- 
tum weU. Tunnehng A between the two surfaces opens a 
band-gap in an otherwise massless Dirac spectrum. The 
spin-orbit couphng v, however, is responsible for all topo- 
logical properties, which is clearly revealed by the non- 
zero "magnetic" SU(2) flux density: 

= e'^-'^d^Ax - igAM = \{^T^vf5,,^ T^a^ (2) 

We have used Einstein's notation for summation over the 
repeated indices and the (2-|-l)D Levi-Civita tensor e^^"^ 
{lJL,v . . . are space-time directions, /x = indicates the 
temporal direction). This model naturally describes the 
"surface" spectrum of the Bi2Te3, Bi2Se3 and other TI 
quantum wells [2^ [2lj . 

Knowing the gauge-field description of the spin-orbit 
coupling, we can generalize the model ([T]) to any com- 
bination of spin-orbit couplings and external electro- 
magnetic fields acting on particles with arbitrary spin 
S. The general U(l)xSU{2) gauge field is the matrix 
A^ = a^-|-^°7°, where 7° for a G {a;, y, z} are the SU(2) 
generators in the spin S representation. The gauge flux 

<^^^ ^e^'''^{d,Ax~i9AM^<li^ + <^ll'' (3) 

couples to the U(l) charge e and SU(2) charge g in the 
Hamiltonian 

Ho^ ^P-^%-^^°^°^^ -eao-gAgr + ..., (4) 
2m 

where the dots denote any other terms that operate in 
the orbital space and provide an energy gap. The tem- 
poral <i>° and spatial fluxes correspond to "magnetic" 
and 90°-rotated "electric" fields respectively. Defining 
the charge and spin operators, 

Jo = 1 , ii = — {Pi - eai ~ 5A°7°) 
m 

JS-r , Jt = \{l^h} (5) 

we obtain the following Heisenberg equation of motion 
from (g]): 

= i[HQ,it] —e-iv\ju(i)\ + ^Qi.a{>,*a7°} • (6) 

If the gauge field A^ and flux $p matrices commute with 
the Hamiltonian, the general periodic solution is 



symmetry is reflected by i^o] = 0. Then, we are free 
to work in the representation ^ ^ = (t>^ + ^^7^ , where 7^ 
is the standard diagonal angular momentum matrix in 
the spin S representation. Setting dj^/dt = in ([6]), we 
find: 

= (e-^o + gni"") + .9*- 7^) ■ (8) 

What we will need, however, is a slightly different formula 



e"0^ + 2e(70o$o7'+5'*o(7')' 



(9) 



which is obtained by inserting e0o+5*o7^ ^^'i inverse 
in the solution for 5ji in dS)). It is not hard to see that 
dH]) indirectly describes a quantum (spin) Hall effect. 

We now turn to interacting systems and construct an 
effective topological field theory of spin 5* particles in 
quantum Hall states that produces the equations of mo- 
tion ^ from its kinematics. Such a theory cannot be 
derived microscopically, but will be justified in the de- 
scription of universal phenomena on the basis of sym- 
metries, as is well established in the theory of critical 
phenomena. We will set e = g = 1 for simplicity. Con- 
sider a Lagrangian density L — £lg + in imaginary 
time: 
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4 ' w|V'^7"V| 



(10) 



{Of, ~ iAf,){d^ - iA, $o}(c'a - iAx) 



+ {id^- iA^)id, ~ iA,)idx - iAx), $0} 



iujt i'y'^ u'^ t 



+ 5 J, 



(7) 



where >Clg is the Landau-Ginzburg Lagrangian of a 
spinor field ip whose components are = ^'^vi^O s) , 
s = —S . . . S . £t is the "minimal" topological term al- 
lowed by symmetries, which generalizes a Chern- Simons 
coupling in the language of spinors. A factor of $0 is nec- 
essary in Ct if the time-reversal symmetry is to be pro- 
tected in the absence of a U(l) magnetic field ((/lo — 0), 
and we use anti-commutators to symmetrize Ct with re- 
spect to the location of $o- We will show that 77 = i is 
real and topologically quantized, making Ct act similar 
to a Berry's phase. 

The equations of motion are expressed in terms of the 
currents jp^ = e'"'^9^jvA and J^^ = e'^'^d^J^^, where 
the gauge-dependent phase currents of the V' fields are: 



where the first term describes cyclotron motion with 
uj — e(f>o/m, uj°' — g^Q/m and Cy = icx- The second 
term 5ji is a constant drift current perpendicular to both 
"electric" and "magnetic" fields. 

We will now concentrate on the drift current kinemat- 
ics in quantum spin-Hall states whose global spin U(l) 
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^t7"$o(5^V') - {d^^^)<fori' 



(11) 



This deflnition guaranties that jp^ and J"^ are gauge- 
invariant and transform as charge (jo jo, ji — ^ 
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and spin (Jq — >• —Jq, Jf Jf ) currents under time- 
reversal, tjjg — >■ ip-sj 4'o ^ ^00- The equations of motion 
for drift currents follow from e'^^^[dy — iAv){d\ — iA\) = 
e^"'^^^^x - i<^^' and: 



■X (€^"'^^u^x-i<^>^'^i^ + h.c. = . (12) 
Clearly, the field configurations that satisfy 

^t$g (^gM^'A^^^^ -^^M^ ^ = (13) 

also satisfy p^ . We again assume the global spin U(l) 
symmetry and choose the representation — ^'^^Saz- 
Defining r„ = {tp'' at the action saddle-point in 

incompressible states, we find 



J" 



n%^2 (14) 



If we now interpret (jH]) as a renormalized current 6ji = 
ji/jo that describes a single particle Sjo = 1, then the 
many-body quantum average (ji) = (joSji) reproduces 
p4)) after replacements ((7^)") r„, (j^) jp^. Anal- 
ogous correspondence between equations of motion is 
found for spin currents by inserting a factor of 7^ in 
P^ . Therefore, Ct captures the kinematics of drift cur- 
rents in the combined U(l) and SU(2) "electromagnetic" 
fields. Note that additional solutions allowed by ([12]) cor- 
respond to fluctuations that are suppressed in quantum 
Hall liquids. 

The Landau-Ginzburg part of this theory applied to 
bosons (microscopically formulated on a lattice) de- 
scribes superfluid and Mott insulator phases, whose tran- 
sition is driven by phase 9s fluctuations of the spinor 
components. If the fluctuations respected the U(l)^'^"'"^ 
symmetry, the dynamics near the transition would be 
captured by 25" + 1 copies of the quantum XY model. 
The superfluid- Mott transition can be viewed as the con- 
densation of quantized vortices according to the duality 
transformation of this model. Particles are mobile and 
coherent in the superfluid state, while vortices are gapped 
and localized into a vortex lattice if their density is finite. 
A Mott insulator is a dual reflection of the superfluid 
where particles and vortices exchange their behavior. 

We can qualitatively view quantum Hall states as "ar- 
rested" Mott transitions in which both particles and vor- 
tices are abundant and mobile, yet uncondensed and con- 
trolled by the cyclotron scales. Duality allows simultane- 
ous mobility of both particles jp^ and vortices jvfi only 
if vortices are "attached" to particles to prevent rela- 
tive motion. In a quantum Hall state we must imagine 
that superfluid correlations are not locally lost, but par- 
ticles have begun localizing so their wavefunctions must 
acquire vorticity due to the external flux. When every 



particle becomes a microscopic "cyclotron" vortex, it ex- 
periences a Magnus force (dual to the Lorentz force) from 
the residual local phase coherence, which is captured by 
the topological term Ct- 

Armed with this duality picture, we can envision char- 
acteristic field configurations ip in quantum Hall states, 
which must contain a finite density of singularities in 
order to take advantage of Ct- Amplitude fluctuations 
Ps = (iplips) £^re frozen in an incompressible state, while 
phases may fluctuate freely as long at their winding along 
any infinitesimal space-time loop dC is quantized as an 
integer: 



1 

2^ 
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(15) 



dC 



If dA^ is the oriented surface element bounded by dC, 
then Q = jp^d^^ is either the physical charge contained 
within area dAo for dAf^ = dAo (5^,o, or the charge pushed 
through a line segment dh in a time interval dt for dA/j, = 
dlidtS^^i. We can similarly extract the amount of spin 
5^ = Jp^dA^, and use (|lip to obtain: 

Q = ^d;^jvM= J2 27^3(00 + s*o)P^; (16) 

dC s=-S 

^ j j;^ = 27™, (00 + s^Dsps . 



dC 



s=~S 



There are 25* -f 1 spinor phases 6s for spin-S" particles 
whose vorticities Us must be quantized. We can charac- 
terize a topological ground-state by Ug — ms{Q, S^) vor- 
ticities attached to a microscopic particle with quantum 
numbers {Q,S^). But, only when ms{Q, S^) = msSs,s~ 
we can solve (|16p to find ps that are independent of 
{Q, S^): Ps = [27rms((/)Q -I- s$q)]^^. Therefore, a ground- 
state is defined by 25" -I- 1 integers (restricted by 
Ps > 0) whose reciprocals generalize the concept of filling 
factors. Fractional excitations carry quantum numbers 
generated by all combinations of ris e Z in P^ : 



ris 
nis 



SS' 



(17) 



and are related to the ground-state symmetries by (jl4p . 
The ground-state charge and spin densities are: 



s 

s=~S 



s 



27rm, 



s=-S 



27rm, 



(18) 

For spin S — ^ particles in magnetic field with the 



filling factor ly — 2m^^^^ = 2m_^^^, the absence of a 
spin-orbit coupling $g = yields the Laughlin sequence 
jpo — i^0o/27r, JpQ = 0, with elementary fractional ex- 
citations 6Q = 1^/2, 6S^ = ±^/4. We see that spin 
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must be fractionalized just like charge, effectively re- 
ducing h by an integer because the 5° operators must 
obey the Lie algebra. A correlated TR-invariant TI in 
zero magnetic field (j}Q = exhibits the same combined 
spin and charge fractionalization when m_|_x/2 — ~"^-i/2- 
Charge and spin can be independently fractionalized for 
"^-1-1/2 ¥^ =^"1-1/2 7 but this generally corresponds to a 
broken TR-symmetry, even in the zero magnetic field. 

Fractionalization is dynamically related to vortex 
winding numbers, but fractional statistics and topologi- 
cal orders are shaped by the topological term Ct, which 
is sensitive only to vortex and monopole topological de- 
fects of the "gauge fields" 6s/i = df^6s- Let us integrate 
by parts the left-most derivative of Ct in (fTO| and write 
Ct — C't + SCt, where SCt is the total derivative of a 
field bilinear. By Gauss' theorem, SCt picks monopoles 
dfiie^^^d^bsx) ^ 0, which can exist only at the system 
boundaries because bsf_i are phase gradients. The bulk 
C't is sensitive to vortex singularities and yields Chern- 
Simons (CS) and "background field" (BF) effective the- 
ories in incompressible states with emergent U(l)" sym- 
metry. 

Consider the vicinity of a vortex ips = ^/Ps s^p{ids), 
where 9s winds times about the flux tube at rg. We 
define phase gauge fields bsf_i — d^Og and organize them 
into a diagonal matrix — diag(&s^) whose flux is ~ 
diag((/)^). As ps ~ const, 4"^ = e^^^^di^bsx vanishes in 
the plane perpendicular to the tube, except at r = Tq. 
We assume that important field configurations have a 
finite density of vortex defects. The phase 9s fluctuation 
kinematics is captured by: 

t 



IT) 

= — tr 
2 



(Sp - A 



(19) 



The other symmetrized terms in C't denoted by ellipses 
yield the same kind of flnal result. In the S = Q represen- 
tation we immediately recover the CS theory Q by flxing 
the topological coupling to -q = ^ , substituting the quan- 
tized density p = [27rm(/)o]~^, and deflning b^ mc^ 
to associate one flux quantum of with m windings of 
0, that is a microscopic particle. The current becomes 



2ir 



e^''^9^CA, and 



C'-^C 



CS 



m 
An 



(20) 



In the S = ^ representation of the U(l)^ symmetry (con- 
served charge and S^), tptp^ is a matrix whose off-diagonal 
elements ^ PsPs' exp[i(6'5 — ^s')]: ^ 7^ ^' do not matter un- 
der the trace in ((T^ when all other matrices are diagonal. 
Assuming a paramagnetic TR-invariant quantum Hall 

lo'^^ to 



liquid m-i-i/2 = ±to, we can write 
obtain the BF theory [i,[l3: 



c'-^c 



BF 



47r 



(21) 



in the Ao = —eijXi^j, Ai = —\eijXj'^o gauge, with cur- 
rents j^^ = ^^''"^d^cl and j;^ = i^e^^^d.cl The 
transverse spin conductivity is cr^^ = J^i_/4>i = (27rm) ^. 

Hierarchical states are obtained by enlarging the spinor 
symmetry group to [U(l)xSU(2)]" and using a general 
linear relationship between the particle currents and the 
curls of vortex currents (jlip . This formally captures an 
arbitrary set of emergent low-energy modes that partic- 
ipate in the quantum Hall liquid. If the emergent low- 
energy symmetry is limited to U(l)^", then the effective 
theory takes a CS or BF form [22|. 

The main benefit of the effective topological La- 
grangian Ct in (jlOp is that it is not limited to quan- 
tum spin-Hall states like the CS theory, but can also 
describe incompressible quantum liquids shaped by the 
SU(2) gauge fields like ([T]) that do not conserve spin. 
Such fractional topological liquids without an analogue 
in quantum Hall states may be possible to obtain in the 
Rashba spin-orbit-coupled TIs, and will be studies else- 
where. Their topological orders are guaranteed to be cap- 
tured by Ct due to its large symmetry, even though we 
could justify Ct via equations of motion only by scrutiniz- 
ing the special cases of quantum spin-Hall states whose 
symmetry is restricted. Even more generally, Ct can 
describe topological orders in any representation of any 
gauge symmetry group. Note, however, that the written 
>Clg in (|10|) can be justified only in quantum Hall states. 

Realistic systems have "perturbations" that violate the 
SU(2) gauge symmetry of any finite-S* representation. 
This is not a priori detrimental to topological order, but 
may gap out edge states f?! and spoil the spin-Hall ef- 
fect. Also, the quantum numbers of fractional quasi- 
particles depend on the conserved quantities. Charge is 
always conserved and can be fractionalized, while "frac- 
tional spin" has to be understood in general as a quasi- 
particle's degree of freedom derived from the electron's 
spin that transforms non-trivially under TR. It becomes 
a quantum number only if is conserved, or if no per- 
turbations spoil the symmetries of the ideal Rashba spin- 
orbit-coupled model ([T]). 

In conclusion, the topological term of ([TU]) describes 
topological orders of general incompressible quantum liq- 
uids shaped by externally applied magnetic and spin- 
orbit fields in the continuum limit. Not all such liq- 
uids are quantum Hall states in non-Abelian "magnetic" 
fields. 
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